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Acceleration of string loops in the Schwarzschild-de Sitter geometry
Z. Stuchl´ık and M. Kolosˇ
Institute of Physics, Faculty of Philosophy & Science,
Silesian University in Opava, Bezrucˇovo na´m.13, CZ-74601 Opava, CzechRepublic
We study acceleration of current-carrying string loops governed by presence of an outer tension
barrier and an inner angular momentum barrier in the field of Schwarzschild-de Sitter black holes.
We restrict attention to the axisymmetric motion of string loops with energy high enough, when
the string loop can overcome the gravitational attraction and escape to infinity. We demonstrate
that string loops can be scattered near the black hole horizon and the energy of string oscillations
can be efficiently converted to the energy of their linear motion. Such a transmutation effect can
potentially represent acceleration of jets in active galactic nuclei and microquasars. We give the
conditions limiting energy available for conversion onto the jet-like motion. Surpricingly, we are
able to show that string loops starting from rest can be accelerated up to velocities v ∼ c even in
the field of Schwarzschild black holes, if their angular momentum parameter is low enough. Such
loops could serve as an explanation of highly relativistic jets observed in some quasars and active
galactic nuclei. The cosmic repulsion becomes important behind the so called static radius where
it accelerates the linear motion of the string loops up to velocity v = c that is reached at the
cosmic horizon of the Schwarzschild-de Sitter spacetimes independently of the angular momentum
parameter of the strings.
PACS numbers: 11.27.+d, 04.70.-s, 98.80.Es
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I. INTRODUCTION
Relativistic current carrying strings moving axisym-
metrically along the axis of a Kerr black hole [1] or a
Schwarzschild—de Sitter (SdS) black hole [2] could in a
simplified way represent plasma that exhibits associated
string-like behavior via dynamics of the magnetic field
lines in the plasma [3–5] or due to thin isolated flux tubes
of plasma that could be described by an one-dimensional
string [6]. Tension of such a string loop prevents its ex-
pansion beyond some radius, while its worldsheet current
introduces an angular momentum barrier preventing the
loop from collapsing into the black hole. Such a config-
uration was also studied in [7, 8]. It has been proposed
in [1] that this current configuration can be used as a
model for jet formation. Here we shall test the possibility
to converse motion of a string loop originally oscillating
around a black hole in one direction to the perpendicular
direction, modeling thus an accelerating jet. It is well
known that due to the chaotic character of the motion
of string loops such a transformation of the energy from
the oscillatory to the linear mode is possible [1, 2, 7]; we
estimate its efficiency and study the role of the cosmic
repulsion.
The relevance of the repulsive cosmological constant
in the cosmological models was discussed in detail by
[9] or in [10, 11]. Recent cosmological tests indicate
presence of dark energy with properties close to those
of nonzero (but very small) repulsive cosmological con-
stant (Λ > 0) responsible for the observed present ac-
celeration of the expansion of our universe [12]. More
precisely, these cosmological tests indicate that the dark
energy represents about 74.5% of the energy content of
the observable universe that is very close to the critical
energy density ρcrit corresponding to the almost flat uni-
verse predicted by the inflationary scenario [13]. Further,
there are strong indications that the dark energy equa-
tion of state is very close to those corresponding to the
vacuum energy, i.e., to the cosmological constant [14].
Therefore, it is important to study the cosmological and
astrophysical consequences of the effect of the observed
cosmological constant implied by the cosmological tests
to be Λ ≈ 1.3 × 10−56cm−2. It has been demonstrated
that the repulsive cosmological constant is relevant in
the framework of Einstein-Straus model of galaxy clus-
ters immersed in expanding Universe [15–18] and even
for matter orbiting supermassive black holes in Active
Galactic Nuclei (AGN) since along with accretion discs
also excretion discs have to be formed by the orbiting
matter [19–21] being limited by the so called static ra-
dius behind which the cosmic repulsion prevails [22, 23].
Moreover, using the pseudo-Newtonian potential related
to the SdS spacetimes [24, 25] it has been shown that the
cosmic repulsion plays a strong role in motion of neigh-
bourghing galaxies, as explicitly demonstrated for motion
of Magellanic Clouds in the gravitational field of Milky
Way [26]. Here we study acceleration of axisymmetric
string loops in the field of SdS black holes that is inter-
esting phenomenon by itself, and seems to be of crucial
physical importance because of possibility to mimic ac-
celeration of jets in AGN as discussed in [1].
II. CURRENT-CARRYING STRING LOOPS
We study a string loop threaded onto an axis of the SdS
black hole spacetime chosen to be the y-axis - see Fig. 1
in [2]. The string loop can oscillate, changing its radius
2in the x-z plane, while propagating in the y-direction.
Assumed axial symmetry of the string loop allows to
investigate only one point on the loop; one point path
can represent whole string movement. Trajectory of the
loop is then represented by a curve given in the 2D x-y
plane. The string loop tension and the worldsheet cur-
rent corresponding to an angular momentum parameter
form barriers governing its dynamics. These barriers are
modified by the gravitational field of the SdS black hole
characterized by the mass M and the cosmic repulsion
determined by the cosmological constant Λ. The SdS
line element reads
ds2 = −A(r)dt2 +A−1(r)dr2 + r2(dθ2 + sin2 θdφ2),(1)
where the characteristic function takes the form
A(r) = 1− 2M
r
− 1
3
Λr2. (2)
We use the geometric units with c = G = 1 and the
Schwarzschild coordinates. In order to properly describe
the string loop motion, it is useful to use the Cartesian
coordinates
x = r sin(θ), y = r cos(θ). (3)
We summarize the equations of string motion in the
Hamiltonian approach [27].
A. Equations of motion in Hamiltonian formulation
The string worldsheet is described by the spacetime
coordinates Xα(σa) (with α = 0, 1, 2, 3) given as func-
tions of two worldsheet coordinates σa (with a = 0, 1).
We adopt coordinates (τ, σ); τ denotes some affine pa-
rameter related to the proper time measured along the
moving string, σ reflects the axial symmetry of the oscil-
lating string.
Dynamics of the string is described by the action re-
lated to the string tension µ > 0 and a scalar field ϕ;
ϕ,a = ja determines current (angular momentum) of the
string [1]. The assumption of axisymmetry implies the
scalar field in linear form with constants jσ and jτ
ϕ = jσσ + jτ τ. (4)
The worldsheet stress-energy tensor density Σab of the
string can be expressed in the form [1]
Σττ =
J2
gφφ
+ µ, Σσσ =
J2
gφφ
− µ,
Σστ =
−2jτjσ
gφφ
, J2 ≡ j2σ + j2τ . (5)
Varying the action with respect to Xα, we arrive to (sec-
ond order differential) equations of motion [1, 2]
(ΣabgαδX
α
,a),b −
1
2
Σabgαβ,δX
α
,aX
β
,b = 0. (6)
In general situations, integration of the equations of
motion of string loops or open strings is a very complex
task that has to be treated by numerical methods only,
and has been discussed in a variety of papers [7, 8, 29–37].
The symmetry of the SdS spacetime and the assumption
of the axisymmetric string oscillations enables a substan-
tial simplification - the string motion can be treated us-
ing the Hamiltonian formalism. Following [27], we can
introduce the Hamiltonian
H =
1
2
gαβPαPβ+
1
2
µ2r2 sin2 θ+µJ2+
1
2
(j2τ − j2σ)2
r2 sin2 θ
, (7)
where α, β correspond to coordinates t, r, θ, φ. The space-
times symmetries imply existence of two constants of mo-
tion
Pt = −E, Pφ = L = −2jτ jσ. (8)
Then in spherically symmetric spacetimes the Hamilto-
nian can be expressed in the form
H =
1
2
A(r)P 2r +
1
2r2
P 2θ −
E2
2A(r)
+
Veff(r, θ)
A(r)
, (9)
where an effective potential for the string motion has
been introduced by the relation
Veff(r, θ) =
1
2
A(r)
(
µr sin θ +
J2
r sin θ
)2
. (10)
Notice that due to the symmetries of the spacetime and
the oscillating string, the Hamiltonian is independent of
the motion constant L, being dependent on J2 only.
Introducing an affine parameter of the string motion
ζ, the Hamilton-Jacobi equations
dXµ
dζ
=
∂H
∂Pµ
,
dPµ
dζ
= − ∂H
∂Xµ
(11)
applied to the Hamiltonian (9) imply equation of motion
in the form
r˙ = APr, P˙r =
1
A
P 2θ
r4
(
Ar − 1
2
dA
dr
r2
)
−dA
dr
P 2r −
1
A
dVeff
dr
, (12)
θ˙ =
Pθ
r2
, P˙θ = − 1
A
dVeff
dθ
. (13)
where dot means derivative with respect to the affine
parameter: f˙ = df/dζ. [45]
B. Effective potential
The condition H = 0 determining regions allowed for
the string motion [27] can be written in the form
E2 = (r˙)2 +A(r)r2(θ˙2) + 2Veff . (14)
3The loci where the string loop has zero velocity (r˙ =
0, θ˙ = 0) form boundary of the string motion. We can
define the boundary energy function by the relation
E2b = 2Veff . (15)
The string loop motion is confined to the region where
[2]
Veff(r, θ) ≤ 0. (16)
In Cartesian coordinates we arrive to the relation
Eb(x, y; J) =
√
A(r)
(
J2
x
+ xµ
)
=
√
A(r)f(x), (17)
where r = r(x, y) =
√
x2 + y2. The function A(r) re-
flects the spacetime properties, while f(x) those of the
string loop. The behavior of the boundary energy func-
tion of the string motion is given by the interplay of the
functions A(r) and f(x). Assuming that the string loop
will start its motion from rest, i.e., assuming r˙(0) = 0
and θ˙(0) = 0, the initial position of the string will be
located at some point of the energy boundary function
Eb(x, y) of its motion.
It is obvious from equations (17) that we can make
the rescaling Eb → Eb/µ and J → J/√µ, assum-
ing µ > 0. This choice of “units” will not affect the
character of the string boundary energy function, and
is equivalent to the assumption of the string tension
µ = 1 in Eq (17) - see [2]. In the following, we shall
use this simplification. Moreover, it is convenient to in-
troduce dimensionless coordinates and motion constants
x˜ = x/M, y˜ = y/M, r˜ = r/M, J˜ = J/M, E˜ = E/M .
We can assume J˜ > 0 due to the spherical symmetry
of the spacetime, similarly to the case of the motion of
test particles. The detailed discussion of the properties
of the effective potential and the string loop motion can
be found in [2]. Here we summarize some results relevant
for discussion of the string loop acceleration.
C. String loops in the Schwarzschild geometry
In the Schwarzschild spacetime the characteristic func-
tion of the line element (1) takes the form
A(r) = 1− 2M
r
. (18)
The Schwarzschild geometry introduces a characteristic
length scale corresponding to the radius of the black hole
horizon rh = 2M . We restrict our considerations to the
region above the black hole horizon, r > rh. In the
Schwarzschild spacetime, there is Eb → +∞ for r →∞,
but Eb → 0 for r → 2M .
The extrema of the energy boundary function E˜b are
given by the relation [2]
J˜2 = J˜2E(x˜) ≡
x˜2(x˜ − 1)
x˜− 3 , y˜ = 0. (19)
1 2
3 4
Figure 1: Four different types of the behavior of the boundary
energy function Eb(x˜, y˜; J˜) in the Schwarzschild spacetimes;
the fourth case has a subcase with the internal boundary en-
abling capturing of the string loop by the black hole, see [1, 2].
The extrema angular momentum function J˜2E(x˜) diverges
at x˜ = 3 and at infinity. The minimal value of J˜2E(x˜) is
located at x˜min ∼ 4.303 where the minimum takes the
value of J˜E(min) ∼ 7; x˜min determines marginally stable
stationary position of string loops in the Schwarzschild
spacetime - it is substantially lower in comparison with
the innermost stable circular orbit (ISCO) of the free
particle motion that is located at x˜ISCO = 6 [9].
The boundary energy function has two local extrema,
maximum and minimum, located at x˜ > 2, when
J˜ > J˜E(min). (20)
Then trapped states of oscillating strings can exist, cor-
responding to “lakes” of the effective potential (energy
boundary function) from which the string loops may not
escape to infinity neither may not be captured by the
black hole. For appropriately chosen energy level of the
oscillating strings, the region of trapping is determined
by the energy boundary function E˜b(x˜, y˜; J˜). As demon-
strated in [2], we can distinguish four different types of
the behavior of the boundary energy function and the
character of the string loop motion in the Schwarzschild
spacetimes; we denote them by numbers 1 to 4 in Fig. 1.
The first case corresponds to no inner and outer bound-
ary; the string can be captured by the black hole or es-
cape to infinity. In the second case, there is an outer
boundary; the string loop cannot escape to infinity, it
must be captured by the black hole. The third case
corresponds to the situation when both inner and outer
boundary exist and the string is trapped in some region
forming a potential “lake” around the black hole. In the
fourth case, the string cannot fall into the black hole but
it can escape to infinity (or be trapped). In the following,
we are interested in situations corresponding to the cases
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Figure 2: String transmutation effect. Acceleration of the string motion in the y˜-direction (first row). Decceleration of the
string motion (second row). Thick lines represent the string trajectory, while thin dotted lines in the first column correspond
to the boundary energy function of the string motion Eb. The string is assumed with angular momentum (current) parameter
J˜ = 11 and starting at large distance from the black hole horizont, at x˜ = 22, and y˜ = 115 (first row), y˜ = 111.5 (second row).
Near the starting point the spacetime is almost flat, so the string oscillates in the x˜-direction, while moving towards the black
hole with initial speed in the y˜-direction v
.
= 0.41. For the affine factor ζ ∼ 8, the string approaches the region of strong gravity
near the black hole, where the transmutation regime begins, and crosses the equatorial plane. The energy modes corresponding
to the motion in the x˜- and y˜-direction are interchanging, and the string is chaotically scattered. In the first row acceleration
of the string in the y-direction occurs with final velocity v(ζ2)
.
= 0.67, while in the second row decceleration occurs with final
velocity v(ζ2)
.
= 0.08, where ζ2 = 22.5.
1 and 4 of the behavior of the energy boundary func-
tion enabling escape to infinity. Only these cases could
represent an escaping string (jet).
III. STRING LOOP TRANSMUTATION AND
EJECTION SPEED
The string transmutation effect occuring in strong
gravitational field in vicinity of black holes means trans-
mission between the energy of the oscillatory and linear
translation motion of the string [1, 2, 7]. The transmuta-
tion effect works in two ways as illustrated in Fig. 2. In
the first case amplitude of the string oscillations (in the
x˜-direction) is lowered while the string motion is acceler-
ated (in the y˜-direction). In this case some part the inter-
nal (oscillatory) energy of the string loop is transformed
to the translation kinetic energy of the string (first row
of Fig. 2). The opposite case corresponds to amplitude
amplification of the oscillations in the x˜-direction and
decceleration of the linear motion in the y˜-direction; in
this case the translation kinetic energy is partially con-
verted to the internal oscillatory energy of the string (sec-
ond row in Fig. 2). We shall focus our attention to the
case of accelerating string loops. We first study accelera-
tion in the field of Schwarzschild black holes; in the next
section the role of the repulsive cosmological constant is
discussed and SdS spacetimes are considered. We shall
discuss the situations when the energy of the translation
motion enables escape of the string to infinity - concen-
traing especially on the possibility of string loops escap-
ing with high velocities. Therefore, it is relevant to make
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Figure 3: Escape from the effective potential of black holes String loop is starting at x˜ = 6, y˜ = 100.1 from the rest
˙˜x = 0, ˙˜y = 0. String angular momentum and energy parameters are J˜ = 11, E˜ = 25.9. At ζ ∼ 40 the string approaches the
region near the black hole horizon (point (1)). At points (A) and (B), the string cannot escape as the oscillatory energy is
bigger than the boundary energy of the string at infinity. If the oscillatory energy is below this boundary energy, it can escape
to infinity in the y˜-direction - see point (2) at time ζ ∼ 65. After the scatter, the string is moving in the y˜-direction with speed
v = 0.41 (γ = 1.099). This is higher value of the transitional velocity than v = 0.34 presented in [1].
decomposition of the energy of oscillating string loops in
the flat universe (de Sitter universe when the cosmic re-
pulsion is considered); such a decomposition has to be
used in determining the behavior of strings moving far
away from the black hole.
A. Decomposition of the string energy in the flat
spacetime
Since the Schwarzschild metric is asymptotically flat,
we first discuss the string loop motion in the flat space-
time. The energy of the string loop (14) in Cartesian
coordinates reads
E2 = y˙2 + x˙2 +
(
J2
x
+ x
)2
= E2y + E
2
x , (21)
where dot denotes derivative with respect to the affine
parameter ζ. We have introduced energy in the x- and
y-directions by the relations
E2y = y˙
2, E2x = x˙
2 +
(
J2
x
+ x
)2
= (xi + xo)
2 = E20 .
(22)
The energy in the x-direction is marked as E0 and can
be determined by the inner xi and outer xo radii limiting
motion of the string loop
xo,i =
1
2
(
E0 ±
√
E20 − 4J2
)
. (23)
The energy E0 is minimal when the inner and the outer
radii coincide - then
xi = xo = J (24)
and the minimal energy is given by the minimal energy
necesary for escaping of the string loop to infinity
E0(min) = 2J. (25)
Clearly, Ex = E0 and Ey are constants of the string
loop motion in the flat spacetime and no transmutation
between these energy modes is possible there. On the
other hand, in vicinity of black holes, the kinetic energy of
the oscillating string can be transmitted into the kinetic
energy of the translational linear motion.
The energy in the x-direction E0 can be interpreted
as an internal energy of the oscillating string, consisting
from the potential and kinetic parts; only in the limiting
case of xi = xo, the internal energy has zero kinetic com-
ponent. The string internal energy can in a well defined
way represent the rest energy of the string moving in the
y-direction in the flat spacetime.
B. String ejection speed
We assume an oscillating string loop with rest energy
E0 moving in the y-direction. The four-velocity norm
condition UαUα = −1 can be expressed in the form
gttγ
2 + gyyu
2 = −1, (26)
where the Lorentz factor γ (1 ≤ γ < ∞) and the y-
component of the string four-velocity u (0 ≤ u <∞) are
given by the relations
U t =
dt
dT
= γ, Uy =
dy
dT
= u. (27)
T is the proper time measured in the rest frame of the
string loop.
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Figure 4: Speed distribution of the string starting from the rest with J˜ = 11 (top) and J˜ = 2 (bottom) with the initial
coordinate x˜ = 20, while the y˜-position (and total energy E˜) changes. The resulting velocities grow up to v ∼ 0.5 (top) or
v ∼ 1 (bottom). Green colour represents trajectories captured by the black hole, blue colour corresponds to scattered escaped
trajectories, y˜ → −∞, while red colour denotes backscattered escaped trajectories, y˜ →∞.
In the flat spacetime with gtt = −1 and gyy = 1, Eqs.
(26) and (27) imply the standard relations
γ2 = u2 + 1, u = γv, γ2 =
1
1− v2 , (28)
where the string loop coordinate velocity in the y-
direction v (0 ≤ v < 1) related to the coordinate time t
reads
v =
dy
dt
. (29)
If the string is not moving in the y-direction (u = 0),
the conserved component of its four-momentum (8) in
flat spacetime reads
−E0 = Pt = gttP t = − dt
dζ
, (30)
where E0 is the energy of a stationary string loop giving
its internal rest energy, see (22). In the rest frame of a
stationary string there is dt = dT and we obtain from
(30) the relation
dT = E0dζ. (31)
Then (22) implies that for the transitional motion of a
string loop there is [1]
E = γE0, (32)
where E is the total energy of the string loop moving
in the y-direction with the internal energy E0. If we
combine equations (21) and (32), the y-component of the
string four-momentum is given by
P y =
dy
dζ
= E0
dy
dT
= E0U
y. (33)
Clearly the energy E0 plays the role of string rest energy.
Using the Lorentz factor given by (32), we can find the
transitional velocity due to the relation
v =
√
1− 1
γ2
. (34)
In such a way the asymptotic energy (velocity) of the
transitional motion of escaping string loops can be de-
termined by the total energy E and the internal (rest)
energy E0.
C. Transmutation effect in the Schwarzschild
spacetime
For a string with given angular momentum parame-
ter J˜ and total energy E˜, the maximal Lorentz factor
(32) and maximal transitional speed can be obtained,
70 5 10 15 20
-15
-10
-5
0
5
10
x

y
0 1
5
3
4
2
0 2 4 6 8 10
0
5
10
15
20
Ζ
x

J
0 2 4 6 8 10
0.0
0.2
0.4
0.6
0.8
1.0
Ζ
v
v=0.93
eq
at
or
ia
lp
la
ne
Figure 5: Ultra-relativistic ejection of the string loop. The string is starting from rest relatively close to the equatorial plane,
at x˜0 = 20, y˜0 = 5.8; with angular momentum parameter J˜ = 2 and energy E˜
.
= 19.21. We give the motion in the x˜− y˜ plane
(a). In dependence on the affine parameter, we give evolution of the x˜-coordinate (b), and the velocity in the y˜-direction (c).
if the final energy in the x-direction (its value at infin-
ity) is minimal, i.e., if E˜0(min) = 2J˜ . In order to ob-
tain an acceleration of the string loop in the y˜-direction
the string must past region near the black hole horizon,
where string transmutation effect E˜x ↔ E˜y occurs. In
the Schwarzschild spacetime, A(r˜) 6= 1, we can express
the string loop energy (14) in the Cartesian coordinates
in the form
E˜2 = A(r˜)
(
gxx ˙˜x
2
+ 2gxy ˙˜x ˙˜y + gyy ˙˜y
2
)
+A(r˜) x˜2
(
J˜2
x˜2
− 1
)2
, (35)
where the metric coefficients of the Schwarzschild space-
time in the x˜ and y˜-coordinates are given by
gxx =
x˜2 +Ay˜2
A(x˜2 + y˜2)
, gyy =
y˜2 +Ax˜2
A(x˜2 + y˜2)
,
gxy = x˜y˜
1−A
A(x˜2 + y˜2)
. (36)
The term gxy ˙˜x ˙˜y is responsible for interchange of energy
between the E˜x and E˜y energy modes - the string trans-
mutation effect. The metric coefficient gxy is significant
only in the neighborhood of the black hole, therefore,
the effect of string transmutation can occur only in this
region.
All energy of the E˜y energy mode can be transmitted
to the E˜x energy mode - oscillations of the string loop in
the x˜-direction and the internal energy of the string will
grow up maximally in such a situation, while the string
will stop moving in the y˜-direction. On the other hand,
all energy of the E˜x mode cannot be transmitted to the
E˜y energy mode - there remains inconvertible internal
energy of the string, E˜0(min) = 2J˜ , being the potential
energy hidden in the E˜x energy mode.
The string transmutation in close vicinity of the black
hole horizon chaotically changes the rate of the string
propagation in the y˜-direction and, complementary, the
internal energy E˜0 related to the amplitude of the string
oscillationary motion. An example of acceleration (dec-
celeration) in the y˜-direction can be found in Fig. 2. How-
ever, in order to have a proper physical insight into the
transmutation effect, it is useful to follow the changes of
the internal energy E0 during the transmutation effect.
This is illustrated in Fig. 3 for an illustrative example
of a string starting far away from the black hole horizon
(x˜ = 6, y˜ = 100.1) at the rest state ( ˙˜x = 0, ˙˜y = 0). The
string loop parameters, angular momentum and energy
(J˜ = 11, E˜ = 25.9), are chosen to correspond to the case
of the energy boundary function E˜b(x˜, y˜; J˜) of the type
4, with barriere enabling capturing of the string by the
black hole. Near the starting point, the spacetime is al-
most flat, so the string oscillates in the x˜-direction, but
due to the gravitational attraction of the black hole the
string is forced to move in the y˜-direction towards the
black hole. The motion of the string is represented by
subfigures a) and b) of Fig. 3, while evolution of the in-
ternal energy E˜0 of the oscillating string in terms of the
affine parameter ζ is represented by subfigure c) of Fig. 3.
For affine parameter ζ ∼ 40, the string approaches the
region near the black hole horizon, where chaotic regime
begins, and crosses the equatorial plane - see point (1).
Near the black hole, the energy is succesively transformed
between the x˜- and y˜-modes and the string is chaotically
scattered. String can escape this region, falling down to
the black hole or escaping to infinity in the y˜- or −y˜-
direction. At the places (A) and (B), the string cannot
escape, since its internal energy is larger than energy of
the string at infinity - the string cannot fit the energy
boundary function E˜b(x˜, y˜; J˜) and must go back to the
deeper part of the gravitational potential of the black
hole. If the internal energy is below this boundary, the
8string can escape to infinity in the y˜-direction, see point
(2) at the affine parameter ζ ∼ 65. After the period of
chaotic scattering, the transmutation process is finished
and the string is moving in the y˜-direction with transi-
tional speed v = 0.41 and Lorentz factor γ = 1.099).
Astrophysically most interesting situation corresponds
to a string loop initially oscillating in (or near) the equa-
torial plane when its oscillatory energy is transmitted to
the perpendicular direction; such a transmutation effect
can represent ejection of a jet from vicinity of black hole
horizon. We discuss this toy model of jets considering
strings starting from rest at small initial values of y˜ ≤ 15.
The strings can escape to infinity in the y˜-direction, if the
energy boundary function is of the type 1 or 4; for the
type 2 and 3 there is a limit for the motion in the y˜-
direction - see Fig. 1 and discussion in [2]. Notice that
very close vicinity of the equatorial plane is available only
for the potential barriere of the type 4 when J˜ > 9 (see
Fig. 7 in [2].); in the case of the energy boundary func-
tion of the type 1, there is no repulsive barriere at radii
close to the horizon and the string must start at suffi-
ciently large distance in order to escape to infinity. We
are interested in maximum of the trasitional speed in the
y˜-direction that string loops can achieve asymptotically
through the transmutation effect.
We give the study of the outcome of the transmutation
process for both the relevant cases of the behavior of the
energy boundary function. For the potential barreire of
the type 4 with capturing of the string being forbidden,
that is constructed for the angular momentum parameter
J˜ = 11, the results are demonstrated in Fig. 4 (top). The
largest velocities for the string ejection reported in [1]
are v = 0.39. On the other hand, in our study of strings
with J˜ > 9, we have found higher values of the final
velocity, growing up to v = 0.5. The results presented
in Fig. 4 (top) clearly demonstrate the chaotic nature of
the string transmutation effect. Notice that the regular
part of the results of the simulations (in the region 3 <
y˜ < 9) gives maximal v ∼ 0.3, or v ∼ 0.4 for y˜ ∼ 11, in
accord with results of [1], while the chaotic region allows
v ∼ 0.5. Notice that relatively large velocities v ∼ 0.5
can be obtained for string loops starting very close to the
equatorial plane.
There is an important question, whether ultrarelativis-
tic transitional velocities could be achieved, and under
which conditions. We are able to show that this is pos-
sible for small string angular momentum parameters,
J˜ < 9. Then we have type 1 of the energy boundary func-
tion and any string starting close to the equatorial plane
will collapse to the black hole - see Fig. 1. This implies
necessity to start the string motion in sufficiently large
distance from the equatorial plane. The results of mod-
eling chaotic string loop motion finishing at infinity for
J˜ < 9 is demonstrated in Fig. 4 (bottom) for J = 2. We
can see that now even in the regular part of the scatter-
ing process ultrarelativistic transitional velocities v ∼ 1
occur. However, the ”safe” initial distance of string loops
starts at y˜ = 5; for smaller distances the string is nec-
essarily captured by the black hole. The acceleration to
ultrarelativistic transitional velocity is demonstrated in
Fig. 5, where we show also dependence of the velocity
of the escaping string loop on the affine parameter; the
dotted line represents x˜i = x˜o = J˜ , i.e., the unconvert-
ible energy of the string E˜0(min) = 2J˜ . Notice the huge
change of the oscillation amplitude which is responsible
for the final acceleration up to the velocity v
.
= 0.93 in
the y˜-direction. Such highly relativistic ejection speed
is reported only for the type 1 of the energy boundary
function (see Fig. 1), because the string loop has to go
very closely to the black hole horizont where the string
transmutation effect is strong enough. For the energy
boundary function of the type 4, the largest ejection ve-
locities we reported, v ∼ 0.5, are substantially smaller;
there exists a boundary preventing the string to go close
enough to the black hole.
IV. INFLUENCE OF THE COSMOLOGICAL
CONSTANT
The SdS spacetime is characterized by a dimensionless
cosmological parameter
λ =
1
3
ΛM2. (37)
In order to clearly demonstrate the role of the cosmologi-
cal constant, we will use in the following the cosmological
parameter λ = 7 ·10−7. Of course, this value is very large
in comparison with values expected for realistic super-
massive black holes in active galactic nuclei when even for
the most extreme case of quasar TON618 with mass of
the central black hole estimated to beM ∼ 6.6×1010M⊙
there is λ ∼ 10−24 [25, 38], but it enables to demonstrate
clearly the role of the cosmic repulsion.
For λ < 1/27, there are the cosmological r˜c and the
black hole r˜h horizons that are given by the relations
[19, 22]
r˜h =
2√
3λ
cos
pi + ξ
3
, r˜c =
2√
3λ
cos
pi − ξ
3
(38)
where
ξ = cos−1
(
3
√
3λ
)
. (39)
For λ = 1/27 the horizons coalesce at r˜ = 3, while for λ >
1/27 the SdS spacetime describes a naked singularity.
For astrophysically realistic black hole spacetimes (λ <
10−24), there is with high precision rh ∼ 2M and rc ∼√
3/Λ. The photon circular orbit is located at r˜ph = 3,
independently of the cosmological parameter [39].
A crucial role plays the so called static radius
r˜s = λ
−1/3 (40)
where the gravitational attraction of the black hole acting
on a test particle is just balanced by the cosmic repulsion
[22].
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Figure 6: Comparison of the string loop trajectories in the Schwarzschild (left) and the SdS spacetime (middle). The string
parameters are J˜ = 11 and E˜
.
= 24.58. The starting point is at rest at x˜ = 4 and y˜ = −1. We can see how the string is
stretched due to the cosmic repulsion in the y˜-direction by making comparison of the development of the transitional velocity
in the Schwarzschild and the SdS spacetimes (right). In the SdS spacetime (with the cosmological parameter λ = 7 · 10−7),
there is minimum of the string transitional speed at the static radius r˜s and re-acceleration of the string loops occurs above
the static radius.
In the SdS spacetime, the asymptotic behavior of the
boundary energy function is determined by the presence
of the black-hole horizon and the cosmological horizon -
there is Eb → 0 for both r → rh, rc.
The local extrema of the energy boundary function in
the x˜-direction are determined by the relation
J˜2 = J˜2E ≡
x˜2(x˜− 1− 2λx˜3)
x˜− 3 , (41)
while in the y˜-direction, the local minimum of the en-
ergy boundary function is located at y˜ = 0 and its lo-
cal maximum is located at r˜max = r˜s. For values of
λ < λtrap ∼ 0.00497, there are two maxima of the
boundary energy function enabling oscillations in the x˜-
direction [2]. Assuming λ < λtrap, we find that in the
SdS spacetimes the classification of the behavior of the
boundary energy function is similar to the classification
relevant in the Schwarzschild spacetimes (with the types
1-4), giving captured, trapped and escaped motion (see
Fig. 1) [46].
The maximum (“ridge”) of the boundary energy func-
tion E˜b(x˜, y˜);λ, J˜) at r˜s represents a boundary of the mo-
tion in the y˜-direction for string loops starting at r˜ < r˜s.
The lowest value of the boundary energy function at the
static radius Eb(r˜s), giving the so called “pass in the
ridge”, is located at [2]
x˜2R = J˜
2, y˜2 = r˜2s − x˜2R. (42)
The value of energy at the “pass in the ridge” is given by
E˜b(R)(min) = 2J˜
√
A(r˜s) = 2J˜
√
1− 3λ1/3. (43)
The string loop can escape to infinity if its energy over-
comes the minimum energy on the “ridge”, i.e., when
E˜ > E˜b(R)(min). Clearly, the static radius plays a funda-
mental role in the motion of string loops, similarly to the
case of the motion of test particles. Because the string
loops have to overcome the maximal value of the bound-
ary energy E˜b at r˜s, there will be minimum in the string
loops speed in the y˜-direction, located just at the static
radius. At r˜ > r˜s, cosmic repulsion accelerates the string
loop in the y˜-direction.
A. Decomposition of the string energy in the de
Sitter spacetime
The SdS spacetime is asymptotically de Sitter, not flat,
therefore, we have to summarize properties of the string
motion in the de Sitter spacetime and make decomposi-
tion of the string energy in a way similar to those applied
for the flat spacetime. Since the center of the spherical
symmetry of the de Sitter spacetime can be chosen at any
point of the spacetime, similarly to the case of the flat
spacetime, the amplitude of the oscillatory motion again
remains constant [2]. We can demonstrate this fact for-
mally by expressing the equations of the motion (12-13)
in the x-y plane for the de Sitter spacetime:
x¨− J
4
x3
+ x = 2λx(J2 + x2), (44)
y¨ = 2λy(J2 + x2). (45)
The equation for the oscillatory motion in the x-direction
is independent of y and its amplitude will remain con-
stant during the motion in the y-direction. Of course, the
amplitude is now influenced by the cosmological constant
term as clear from the motion equation (44) and charac-
ter of the energy boundary function. We can see from
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Figure 7: Speed distribution of the string at the static radius rs and near the cosmological horizon at r = 0.8rc in the SdS
spacetime with λ = 7 · 10−7. The string starts from the rest with J˜ = 11 and initial coordinate x˜ = 25, while the initial
y˜-position (and the total energy E˜) changes. There are no distinctive differences at static radius (upper figure) for the SdS and
Schwarzschild spacetimes. On the contrary, near the cosmological horizon rc all string loops move with transitional speed near
the speed of light, acceleration due to the repulsive cosmological constant is uniform and its influence on the ”speed structure”
is decisive. Maximal transitional speed at r = 0.8rc is obtained to be v
.
= 0.96, while its minimal value is v
.
= 0.92. Blue colour
represents escaped (scattered) trajectories, y˜ → −∞, while red colour represents escaped (backscattered) trajectories, y˜ →∞.
the equations (44-45) that the string loop oscillates in
the x-direction between two turning points xi, xo, while
moving and speeding up in the y-direction, due to the
influence of the cosmological constant (for λ = 0 acceler-
ation in the y-direction vanishes). If xi = xo, the string is
located at the minimum of the boundary energy function
Eb, being stationary in the x-direction.
Introducing a new parameter
k = J
√
λ, (46)
and assuming (quite naturally)
k =
J
rc
<< 1, (47)
we can obtain asymptotic formula for the location of the
minimum of the energy boundary function xE(min) ∼ J ;
for details see [2]. Then we can find analytical solution
to the second equation of motion (45) in the form
y(ζ) = y0Cosh(2kζ) +
y˙0
2k
Sinh(2kζ) (48)
where y0 and y˙0 are initial values of integration of the
motion equation.
In the de Sitter spacetime, the string energy E can be
decomposed in the following way (14)
E2 = x˙2(1 − λy2)− 2λxy x˙y˙ + y˙2(1− λx2)
+[1− λ(x2 + y2)]
(
J2
x
+ x
)2
. (49)
The string rest (internal) energy E0(dS) takes the form
E20(dS) = (1 − λ(x2 + y2))
(
J2
x
+ x
)2
= (1 − λ(x2 + y2))(xi + xo)2, (50)
and the Lorentz factor γ (determining the string loop
transitional velocity in the y-direction) is given by the
formula
γ2 =
E2
E20(dS)
=
E2
[1− λ(x2 + y2)](xi + x0)2 . (51)
The string loop velocity is then given again by Eq. (34).
When the string is not moving in the y˜-direction and
only oscillates in the x − z plane, the ”rest” position of
the string is equally defined at every point of the flat
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spacetime and the rest energy E0 does not depend on
the coordinates x and y - see Eq. (22). However, due the
special character of the de Sitter spacetime - expansion of
the spacetime itself - the string rest energy E0(dS) given
by Eq. (50) depends on the coordinates x and y, being
modified by the metric factor −gtt = 1 − λr2. We can
see that string rest energy E20(dS) is positive only below
the cosmological horizon; there is no ”rest” state of the
string above the horizon rc. Because the two turning
points of the string loop oscillations xi and xo will remain
constant, but the coefficient [1−λ(x2+y2)] is zero at the
cosmological horizon rc, the Lorentz factor given by Eq.
(51) diverges at the cosmological horizon, and all string
loops will pass the cosmological horizon with the speed
of light.
B. Transmutation effect in the SdS spacetimes
The transmutations of the string loop motion occur in
the close vicinity of the black hole horizon, therefore,
they are determined by the phenomena demonstrated
and studied in the case of the Schwarzschild geometry.
The string loop energy decomposition in the SdS space-
times is essentially identical with the decomposition for-
mulae (35) and (36) used in the case of the Schwarzschild
spacetime, since in the astrophysically relevant situations
(with enormously small values of the cosmological param-
eter λ), the metric coefficients are essentially determined
by the black hole mass parameter M in vicinity of the
black hole horizon. On the other hand, when the string
crosses the static radius of the SdS spacetime, the cosmic
repulsion becomes to be decisive for the string behavior;
recall that at the static radius, the SdS spacetime is clos-
est to the flat spacetime since their metric coefficients
differ minimally - see [22]. At vicinity and behind the
static radius, we have to use the expression for the en-
ergy decomposition derived for the de Sitter spacetime.
We can expect substantial differences between the string
loop behavior in the Schwarschild and SdS spacetimes
behind the static radius.
We demonstrate the role of the repulsive cosmological
constant in the transmutation effect by comparing the
string loop motion in the Schwarzschild and SdS space-
times for typical string angular momentum parameter
(J˜ = 11) corresponding to the case of string loops in
states that do not enable them to collapse into the black
hole, when their asymptotic speed in the flat spacetime
is not strongly relativistic - see Fig. 6. In such a case
we can clearly see the strong role of the cosmic repulsion
after the static radius of the SdS spacetime is crossed by
the moving string loop. The speed of the moving string
grows fastly at first stages of the expansion and then
slowly decreases to the asymptotic value at the asymp-
totically flat Schwarzschild spacetime, while in the SdS
spacetime it reaches a minimum at the static radius and
then grows subtantially. We can see that acceleration of
the string loop in the SdS spacetime is significant imme-
diately after crossing the static radius, indicating poten-
tial observational effects in some AGN where the jets are
reaching regions fairly exceeding extension of the associ-
ated galaxies.
A statistical study of the behavior of the string loops
with J˜ = 11 in the SdS spacetimes is presented in Fig. 7
that demonstrates velocities of the strings with different
energy E˜ (starting at different initial positions due to
changes of initial value of y) at the static radius where the
SdS spacetimes is very close to the flat spacetime, and
at r˜ = 0.8r˜c where the effects of the cosmic repulsion
are very strong. We can convince ourselves that there
are no relevant differences of the string loop velocities
at the static radius obtained for the Schwarschild and
SdS spacetime, but these are enornous at the radius r˜ =
0.8r˜c close to the cosmic horizon, where the velocities
are highly relativistic, being in the interval of 0.92 < v <
0.96. The distribution of the transitional velocities is
more and more concentrated about the velocity of light
with the string loop approaching the cosmic radius of the
SdS spacetime.
V. CONCLUSIONS
We have studied possible acceleration of string loops
in the field of Schwarzschild and SdS black holes due to
the so called transmutation effect enabling transfer be-
tween energy of the oscillatory and transitional motion
of the string loops. Such a process could serve as a toy
model of acceleration of jets in quasars (AGN) or micro-
quasars and is of astrophysical relevance. Our results can
be summarized in the following way.
• Conversion of energy between the oscillatory (Ex)
and transitional (Ey) modes, i.e., the string trans-
mutation effect, is sufficiently strong only in close
vicinity of the black hole horizon. Transmision
of energy between the oscillatory and transitional
modes is of chaotic character and can occur multi-
ply. The string can escape the black hole potential
well only if amplitude of its oscillations can fit the
energy boundary function E˜b(x˜, y˜; J˜) at infinity for
the Schwarzschild spacetime, or the energy bound-
ary function E˜b(x˜, y˜;λ, J˜) at the static radius for
the SdS spacetimes.
• Our results clearly demonstrate that in the
Schwarzschild spacetimes the largest ejection tran-
sitional velocities of the string loops starting from
rest near the equatorial plane with large angular
momentum parameter approach v ∼ 0.5. Such
a value is substantially larger than the value of
v ∼ 0.39 reported in [1]
• Surprisingly, we have demonstrated that ejection
speed v ∼ c can be obtained by the transmutation
process in the field of Schwarzschild black holes,
if the string loop with small angular momentum
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parameter starts from rest outside the equatorial
plane, but close enough to it in order to enable the
string loop to enter the deepest part of the poten-
tial well of the black holes where the transmutation
effect is strongest.
• It is crucial that no rotation of the black hole is
necessary for such extremely efficient acceleration
of the jet-like motion due to the transmutation ef-
fect. On the other hand, near-extreme rotating
black hole are usually considered if the Blandford—
Znajek effect [40] is assumed for acceleration of jet
[41].
• In the SdS spacetimes, the static radius r˜s plays
crucial role in the string acceleration by the trans-
mutation process. The string loop has a mini-
mal velocity at the static radius and is accelerated
above it due to the effect of the repulsive cosmolog-
ical constant. String loops cross the cosmological
horizont r˜c with the speed of light independently
of their angular momentum parameter J . Consid-
erable differences between Schwarzschild and SdS
geometry can appear at relatively small distances
above the static radius.
We can conclude that acceleration of string loops by
the transmutation effect can serve as a toy model of
acceleration of jets in quasars and AGN where ultra-
relativistic speeds are observed. Of course, it can be ap-
plied also in the case of microquasars where the observed
speeds are not ultrarelativistic. Really, the transmuta-
tion effect predicts acceleration of string loops to final
velocities in whole interval of jet velocities observed in
astrophysical objects.
In the case of jets observed in AGN related to giant
galaxies, the effect of the repulsive cosmological constant
on the acceleration of string loops can be tested obser-
vationally. It is leading to re-acceleration of the string
loops after crossing the static radius related to the cen-
tral black hole of the AGN. The re-acceleration becomes
sufficiently significant at relatively small distances from
the static radius. The test is possible because extension
of large galaxies related to AGN is comparable with the
static radius related to their central supermassive black
hole [19, 23], while the observed jets can substantially
(several times) exceed extension of the associated galax-
ies.
The transmutation efect can be also astrophysically
relevant while acting in the opposite direction, i.e., when
the transitional energy of the string is converted to its
oscillatory motion, since it can serve as a model of ex-
citation of quasi-periodic oscillations observed in the in-
nermost parts of the accretion discs orbiting black holes
in microquasars or neutron stars in the low mass X-ray
binary systems [42–44]. We plan to present study of this
phenomenon in a future work.
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